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Abstract 

Let A{j3, a, k) be the scattering amplitude corresponding to a real- 
valued potential which vanishes outside of a bounded domain D C K 3 . 
The unit vector a is the direction of the incident plane wave, the unit 
vector f3 is the direction of the scattered wave, k > is the wave number. 
The governing equation for the waves is [V 2 + k' 2 — q{x)]u = in R 3 . 

For a suitable class of potentials it is proved that if A qi (—fl,/3,k) = 
A q2 (-/3,l3,k) V/3 G S 2 , Vfc £ (fc ,fci), and <ji, q 2 £ M, then qi = q 2 . This 
is a uniqueness theorem for the solution to the inverse scattering problem 
with backscattering data. 

It is also proved for this class of potentials that if A qi (f3,cto,k) = 
A q2 (f3, Oto,k) V/3 £ Si, VA; 6 (fco,fei), and qi, q 2 € M, then qi — q 2 . 

Here S 2 is an arbitrarily small open subset of S 2 , and |&o — fei| > is 
arbitrarily small. 
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1 Introduction 

Consider the scattering problem: 

Lu := [V 2 + fc 2 - q(x)]u = in R 3 , k — const > 0, (1) 

u = e lka - x + A((3,a,k)— + o(-\ r := Id ^ oo, = -, aeS 2 , (2) 
r \r J r 

where S 2 is the unit sphere in K 3 , and A(0, a, k) = A q (/3, a, k) is the scattering 
amplitude corresponding to the potential q{x), a is the direction of the incident 
plane wave, /3 is a direction of the scattered wave, and k 2 is the energy. 
Let us assume that q is a real-valued compactly supported function, 



q G M := Wq' 1 {D), I > 2, 
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D C R 3 is a bounded domain, and Wq' 1 (D) is the Sobolev space, it is the closure 
of C§°(D) in the norm of the Sobolev space W i ' 1 {D). This space consists of the 
functions whose derivatives up to the order £ are absolutely integrable in D. 
The inverse scattering problems, we are studying in this paper, are: 
IP1: Do the backscattering data A{—(3, (3, k) known Vfc > 0, V/3 £ S 2 , deter- 
mine q £ M uniquely? 

IP2: Do the data A q {/3, k) :— A(f3, ao, k) known Vfc > 0, V/3 £ S 2 , determine 
q £ M uniquely? 

We give a positive answer to these questions. Theorem 1 (see below) is our 
basic result. 

These inverse problems have been open for many decades (see, e.g., [7]). 
They are a part of the general question in physics: does the S'-matrix determine 
the Hamiltonian uniquely? 

It was known that the data A(/3, a, k) Va,/3 £ S 2 , Vfc > 0, determine q(x) £ 
C 1 (K 3 )nC(M 3 , (1 + M) 7 , 7 > 3) uniquely. Here ||g|| C (R3,(i+|*m = su P;ceR 3{(l + 
|x|) 7 |(7(2:)|}, and the datum A(J3, a, k) is a function of 5 variables (two unit 
vectors (3, a £ S 2 and a scalar k > 0), while the potential q is a function 
of 3 variables, (afi, x%, X3). We are not stating this old result with minimal 
assumptions on the class of potentials. 

The author proved (see [5]- [7]) that the data A q ((3, a) :— A q (f3, a, k), known 
Va 6 Sj, V/? G S 2 and a fixed k = k > 0, determine q £ Q a uniquely. Here S 2 , 
j = 1,2, are arbitrary small open subsets of S 2 (solid angles), and 

Q a := {q : q = q,q = if \x\ > a, q£L 2 (B a )} 1 B a := {x : \x\ < a}, 

a > is an arbitrary large fixed number. In this uniqueness theorem the datum 
A q (P,a) is a function of four variables (two unit vectors a, (3 £ S 2 ) and the 
potential q is a function of three variables (xx,X2,Xa). Therefore, this inverse 
problem is also overdetermined. 

It is natural to assume that q has compact support in a study of the inverse 
scattering problem, because in practice the data are always noisy, and from noisy 
data it is in principle impossible to determine the rate of decay of a potential 
q(x), such that \q(x)\ < c(l + |:r|)~ 7 , 7 > 3, for all sufficiently large |x|. Indeed, 
the contribution of the "tail" of q, that is, of the function q^ := qn(x), 

f x /O, [as] < R, 

qR{x) = { ?W, M>R, 

to the scattering amplitude cannot be distinguished from the contribution of the 
noise if R is sufficiently large. For example, if the noisy data are A q S \f3, a, k), 

sup \A„ 5 \f3,a,k) - A q (/3,a,k)\ < 8, 

f3,a£S 2 

then one can prove that the contribution of qji to A q is O ( p-y-3 ) • Thus, this 
contribution is of the order of the noise level 5 if R = 0(d 1 ^ 3 ~ 1 ^), 7 > 3. This 
yields an estimate of the "radius of compactness" of the potential q given the 
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noise level S and the exponent 7 > 3, which describes the rate of decay of the 
potential. 

There were no results concerning the uniqueness of the solution to the in- 
verse scattering problems IP1 and IP2 with the non-overdetermined backscat- 
tering data A(—(3, (3, fc) V/3 £ S 2 , Vfc > 0, or with the non-overdetermined data 
A(f3, a , k) V/3 G S 2 , Vfc > 0, a — a being fixed. 

The main result of this paper is: 

Theorem 1. 1) If A qi {- (3 , (3 , k) = A q2 (-(3, (3, k) V/3 G S 2 , Vfc > and q^ G M, 
j = 1,2, then q 1 = q 2 . 

2) If A qi (P,a ,k) = A q2 (f3,a ,k) V/3 G S 2 , Vfc > 0, a G S 2 is fixed, and 
qj G M, j = 1, 2, t/ien (ft = q 2 - 

Remark 1. Theorem [I] remains valid if the data are given V/3 G S 2 , Vfc G 
(fco, fci), < fco < fci, where S 2 and |fci — fco| > is arbitrarily small. 
Indeed, if q G M, or, more generally, if g is compactly supported, supp q C £> a , 
and q G L 2 (B a ), then the author has proved (see [7] and [8]), that A(/3, a, fc) is 
a restriction to (0, 00) of a meromorphic in C function of fc and a restriction to 
5 12 x S 2 of a function analytic on the variety M x .A/1 , .M := {9 : 9 G C 3 , 0-0 = 1}, 
where 9 ■ 9 := Ylj=i Therefore, if j4(/3, otQ, fc) is known on S 2 x (fco, fci) then 
it is uniquely determined on S 2 x (0, 00) by analytic continuation. 
The algebraic variety Ai is a non-compact algebraic variety in C 3 . 

Remark 2. The main idea of the proof of Theorem 1 is to establish complete- 
ness of the set of products of the scattering solutions in a class M of potentials. 
This is a version of Property C, introduced and applied by the author to many 
inverse problems (see [3], [5], [6], [7]). 

2 Proofs 

The following lemma is crucial for the proof of both statements of Theorem 1. 
Lemma 1. p. 262]) If p(x) := qi(x) - q 2 {x), then 

— 4w[A qi ((3,a,k) — A q2 (f3,a,k)) = / p(x)ui(x,a,k)u2(x,—(3,k)dx. (3) 

Jd 

In Mj are the scattering solutions, that is, solutions to {U-© with q = qj. 
or, equivalently, solutions to the integral equation: 

r e ik\x-y\ 

Uj(x,a,k) = e lka " x - / g(x,y,k)q J (y)u j (y,a 7 k)dy, g(x,y,k):=— 

(4) 

Let v := e- ika ' x Uj. Then 

Uj = e lka ' x [1 + ej] , Cj := - / G(x, y, fc) 9i (y)uj (y, a, fc)dy, (5) 

Jd 
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where 

G(x,y,k) :=g(x,y,k)e- ika <*-y\ 
The function Vj solves the integral equation 

Vj = 1-BjVj, BjVj~- G{x,y,k)q j (y)v :j (y,a,k)dy, (6) 

Jd 

and BjVj = Ej. 

If A qi = A q2 V/3 £ 5 2 , > 0, and /3 = -a, then © yields the following 
orthogonality relation: 

[ p(x)u 1 (x,^,k)u 2 (x,/3,k)dx = 0, V/3 e S 2 , Vfc > 0, (7) 
Jd 

where 

p{x) = qi(x) - q 2 {x). 

The IP 2 is treated similarly. 

The orthogonality relation ([7]) can be written as 

f p{x)e 2lkp - x [l + e{x,[3,k)}dx = 0, V/3 E S 2 , Vfc > 0, e := e x + e 2 + e x e 2 . 

JD 

(8) 

The relation ([8]) holds for > 0, k ^ JK m ,j, where iK m j, I < m < mj, j = 1, 2, 
are the numbers at which the operator I + Bj is not injective. There are finitely 
many such numbers in the upper half complex plane if qj £ M . The numbers 
Km.j > 0, — K 2 n j are the negative eigenvalues of the Schroedinger operator Lj 
in L 2 (M. 3 ), where Lj is the operator in ^ with q = qj. 

In what follows we write e meaning €j for j = 1,2, or e, defined in ([H]). Also, 
we write n m in place of K m ,j- This will not cause any confusion. 

Since q is compactly supported, the scattering solution u(x, a, k) is analytic 
in the region Im k > 0, except, possibly, for a finite number of poles k m — in m , 
K m > 0, n m < K m+ i, 1 < m < mo < co, where too < oo is a positive integer. 
Therefore, u(x, a, k) and e(x,a, k) are analytic in the region Sfc > 0, k ^ k m , 
1 < to < too . Let ?7o > be chosen so that 770 > max m K m . 

The orthogonality relation ([8]) for qj E M holds in the region SJfc > 0, 
k ^ in mi and the integrand in ([5]) is analytic with respect to k in this region. 

We want to derive from ([5]) that p(x) = 0. 

Write the orthogonality relation ([5]) as: 

p(2k0) + (2tt)- 3 p*? = 0, (9) 
where the * denotes convolution, 

P(0-= [ e^ x p(x)dx, p*~e:= f p(£ - i/Jefi/Jdi/, (10) 

and in ([5]) p * e is calculated at £ = 2fe/3. 
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Equation © has only the trivial solution p = provided that 

(2^)- 3 ||e~(e,/3,A : )|| 1 <b<l, (11) 

where 

ll?Hi= / m,p,kM. 

JR 3 

Indeed, 

max \p(2k8)\ < max \p(2kd - v)\ ■ \\e\U < max \p(2k8)\, (12) 
fe>o,/3e5 2 fc>o,/3eSVeR 3 fc>o,/3eS 2 

where we have taken into account that the sets 

{2fc/?}vfc>o,v/3es 2 

and 

{2fc/3 — i / }vfc>o,v/3es 2 ,v^eR 3 

are the same. 

Inequalities (fTTj) and (|12p imply 

p(2fc/3)=0 Vfc > 0,V8 e S 2 . 

Iip(2k8) — Vfc > 0, V/3 G S* 2 , then p = 0, and, by the injectivity of the Fourier 
transform, one concludes that p = 0. 

Since p is compactly supported, the function p is entire function of £. Con- 
sequently, if one proves that p(2(k + in)8) = Vfc > 0, V/3 <E S 2 , and for 
?7 > ?;o > 0, then p = by analytic continuation, and, consequently, p — 0. This 
observation is used below. 

Thus, to prove the first claim of Theorem 1, it is sufficient to establish 
inequality ITTT) . 

However, (jlip ratt fc > does not hold because the function \£\iJ~ 2 kp-£ ( see 
formula (|16[) below) is not absolutely integrable if fc > 0. 

The idea, that makes the proof work, is to replace fc > with fc + in, where 
n > rjo > is sufficiently large. The orthogonality relation ([7]) remains valid 
after such a replacement because of the analyticity of e = e(x, 8, fc) with respect 
to fc in the region SJfc > 770- Equation ([5]) holds with fc + in replacing fc. 

The argument, given in (|12p . remains valid after this replacement because 

n :— max \p(2(k + iri)8)\ > cmax\p(£)\ := ciii, 

k>0, 11 ^ Vom ).,l3£S 2 ?SR 3 

where c > is a constant and 771 > 770 is a sufficiently large number, which is 
assumed finite in order to have /i < 00. 

Therefore, ([9]) with fc + in replacing fc yields: 

A* — , P a * „, / |e( 2 (& + "/)/3-£)K Mi < M= 
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and, consequently, /i = and p(x) = 0, provided that an analog of (fTTj) holds: 
, n ma5 S««/ W + iT7)/3-0|de<&(»7) J 

where 

lim 6(77) = 0, 

7/ — > + oo 

so that 

06(77) < 1) ^7 > %! 

for sufficiently large 77 > 770. 

We refer to this inequality also as (fTTj) , and prove that this inequality holds 
if 77 is sufficiently large (see (|18l) below, from which it follows that 

b(j]) = 0{\r\\- x ) 77^+00. 

Let us check that 

/J > C/il. 

This inequality will be established if one proves that 

M = SU P \P((k + if])(3)\ > c \p(x)\dx, 

l3eS 2 ,k>0,r 1 £(r l0 ,r 11 ) JD 

because 

sup < / \p{x)\dx. 



One has 



where 



(i > sup I / e- 2r i f3 - x p{x)dx\ = sup \W\ 
W:= I e- 2r >^ x p(x)dx. 



Let us prove that 

sup \W\ > c / \p(x)\dx. 

/3SS 2 , 176(170,171) JD 

If this inequality is established, then the proof of the inequality /i > c/ii is 
complete. 

We may assume that p ^ 0, because otherwise there is nothing to prove. If 
p ^ 0, then W ^ 0. The function W is an entire function of the vector 77/3, 
considered as a vector in C 3 . The function sup j g eS 2 \W\ tends to 00 as 77 — > +00 
(see [I] for the growth rates of entire functions of exponential type). Therefore 
inequality su P/3eS 2 ,?7e(j7o,ni) — c Id \p( x )\dx holds, and inequality 11 > c/xi is 
established. 
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If inequality is proved for k + irj replacing k, then the argument, similar 
to the one, given in lfI2]). yields p(2(k + iifjP) = for all k > 0, (3 6 S 12 , and 
7] > i]q. By the analytic continuation this implies = for all £, so = 0. 

The first claim of Theorem 1 is therefore proved as soon as estimate (|TT|) is 
proved with k + it] replacing k. 

Let us now establish inequality (fTTj) with k + it] replacing k. 

Note that 

e ife[|x-j/|-/3-(x-j/)] 

vp(y)dy, ip ■= qv. 



4ir\x — y 

Using the Fourier transform of convolution, one gets 

a ik[\x\-(3-x] 



-F 



(L-—) F{qv ), FM:=j. (13) 



The assumption q s Wq ,:l (D) and the elliptic regularity results for v, which 
solves a second-order elliptic equation, imply that v is smoother than q, and, 
therefore, tp = qv belongs to wl' l {D), tp € Wq A (R 3 ), t > 2. 

Let us now derive the estimate ((Ml) , given below. 

If a function / 6 L 1 (M 3 ), then |/| < c. Here and below by c > we denote 
various constants. 

If / S Wq A {D), then D e f £ L 1 (R 3 ), where D e stands for any derivative of 
order £. Therefore \F(D e f)\ — \£ l f\ < c. If / is compactly supported, then 
/ G C^ C (R 3 ), and the estimate \£ l f\ < c implies the inequality 

sup(l + |e|) £ |/l <c 

We apply this inequality to the function / = qv := ip G W ,:l (D) and get: 

(1 + |£|) £ M <c, *>2. (14) 

Let us calculate now the first factor on the right-hand side of equation (fTU|) . 
We have 

ik[\x\-P-x] i 
p<-*_ — (IK) 

An\x\ |£| 2 ~2fc/3-f V ; 

Therefore 

- - *® (16) 



l£| 2 -2fc/?-£' 

Let us replace k by k + ir/ in (|15p and (116[) . In ip the dependence on k enters 
through v. Choose 77 > 770 > sufficiently large, so that the integral I in (|18p 
(see below) will be as small as we wish. This will yield estimate (jllj) with k + it] 
replacing k. 

Using the spherical coordinates with the z— axis directed along /3, t = cos#, 
9 is the angle between (3 and x — y, r := \x — y\, and using estimate (|14p . one 
gets: 

r° drr r 1 dt T ^ 

||e||i<c/ — — -j / j- — = ■ 7~oToTT79 :=c/ - ( 17 ) 



(1 + r)' ,/_ x [|r-2H| 2 +4r ? 2 t 2 ] 1 /2 
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The integral with respect to t in (JT7J) can be calculated in closed form, and one 
gets: 



1 f°° drr 

1 = , -9M/9 / TT—tj log 



l-a+[(l-a) 2 + b] 



1/2 



2(k 2 + r 1 2 ) 1 / 2 J (1 + rY 6 -l-a+[(l + a) 2 + &] 1 /2 

where 



(18) 



2(k 2 + r] 2 )' ' 4(fc 2 + 77 2 )' 



If r — > oo, then the ratio under the log sign in (|T8|) tends to 1, and, since I > 2, 
the integral in (fT8|) converges. 

If 17 > is sufficiently large, then estimate (fT8j) implies that the inequality 
(fTTj) holds with fc replaced by fc+i?7. Therefore p(2(k+irj)/3) = Vfc > 0, V/3 £ S 2 
and 77 > 7/o- This implies p — 0, so p = 0, and the first claim of Theorem 1 is 
proved. 

The second claim of Theorem 1 is proved similarly. One starts with the 
orthogonality relation 

/ p(x)ui(x, ceo, k)u2,{x, (3, k)dx = Vfc > 0, V/3 G S 2 , 
Jd 

writes it as 

/ p(x)e ik ^ 0+l3 > x [l + e]dx = Vfc > 0, V/3 e S* 2 , 

and, replacing fc with fc + irj, gets 

p((fc + irf){a Q + 0)) + (2n)- 3 p-k I = 0. 

Using estimate (fTTj) with k + irj replacing fc, one obtains the relation 

p({k + n 1 ){a + (3)) = Vfc>0, V/3 G S 2 , r? > m . 

Since p(^) is an entire function of £ G C 3 , this implies p — 0, so p = 0, and the 
second claim of Theorem 1 is proved. 

Theorem 1 is proved □ 
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